Abstract. We use Greenlees 1996Greenlees , 1996a] to give a complete description of rational O(2)-equivariant cohomology theories.
1. Introduction. This paper presents an algebraic model for O(2)-equivariant rational cohomology theories. The main mathematical input is the model for SO(2)-equivariant theories given in Part I of Greenlees 1996] , together with special cases of results on rational Mackey functors from Greenlees 1996a]. Using these ingredients, and the usual formal framework of equivariant homotopy, it is not hard to assemble the model. Nonetheless, several features of the model were unexpected to the author, so it seems desirable to illustrate the issues which arise in this simple case. An exactly analagous model can be given with the continuous quaternion group as the group of equivariance, but it is most unlikely that such an explicit model can be given for groups of larger rank.
First, we should explain that the cohomology theories we refer to are those admitting suspension isomorphisms for arbitrary representations, often known as`RO(G)-graded' or genuine' cohomology theories. These are represented by G-spectra as in Lewis et al 1986] , and more speci cally by those indexed on a complete G-universe. The advantages of considering representing objects rather than the cohomology theories are well understood, and we work with G-spectra without further comment, or more precisely in the homotopy category of G-spectra, in the sense of Quillen. We work exclusively with rational cohomology theories, and rational G-spectra, without always displaying this in the notation. Thus G-spectra denotes the homotopy category of rational G-spectra, and X; Y ] G denotes the rational vector space of morphisms in this category. The G-spectrum representing the equivariant cohomology theory Y G ( ) is denoted Y and the correspondence is given by Y G (X) = X; Y ] G in the usual way.
For brevity we let G = O(2); T = SO(2) and W = G=T. The other closed subgroups of G are the cyclic subgroups C n for n 1, which are normal, and the dihedral groups. For each n 1 there is a single conjugacy class of dihedral groups of order 2n; for de niteness we think of O(2) acting on R 2 , and we let D 2n denote the representative containing re ection in the x-axis. One calculates N G (D 2n ) = D 4n , so that the conjugacy class of D 2n is Ghomeomorphic to G=D 4n , and hence to the circle S(1=n) of radius 1=n. It is natural to think 1 The author is grateful to the Nu eld Foundation for support. 2 This paper is in nal form, and no substantially similar paper will be submitted elsewhere. 3 1991 Mathematics Subject Classi cation:
Primary 55N91 Secondary 55P42, 55P91. 1 of T as a continuous cyclic group, and thus to consider the set C = fC n j n 1g fTg of all cyclic subgroups. Similarly, it is natural to think of G as the continuous dihedral group, and thus to consider the set D = fD j D is conjugate to D 2n for some n 1g fGg of all dihedral subgroups. We consider C as a discrete topological space, and D as the union of concentric circles S(1=n) of radius 1=n with G at the centre. We consider the set of closed subgroups of G as the topological sum
The notation is chosen to correspond to that of Corollary 3.2. The category of (G; c)-spectra is equivalent to the category of T-spectra with a homotopy action of W:
Proof: Consider the forgetful functor (G; c)-spectra ?! T-spectra W] taking a (G; c)-spectrum to the underlying T-spectrum with G=T giving a homotopy involution. The proof of the proposition shows the functor is full and faithful. It remains to prove that it is essentially surjective.
Suppose Z is a T-spectrum with a homotopy involution z. We may form the induced G-spectrum G +^T Z, and note that it is in fact a (G; c)-spectrum. Now, by the proposition we calculate its selfmaps to be Z; Z] T W]. We want to select a suitable idempotent summand of G +^T Z, motivated by the special case that Z comes from a G spectrum and the induction untwists. Accordingly we choose an elementŵ 2 G reducing to the nontrivial element of G=T, and note that right multiplication Rŵ : G ?! G is of order 2 up to homotopy; thus e = (1^T 1+Rŵ^T z)=2 is idempotent, and we may take X = eG +^T Z.
We can replace the category of T-spectra by either of the algebraic models from Greenlees 1996] , to see that the category of (G; c)-spectra is the derived category of a suitable abelian category of objects with W-action. We are again using the fact that a W-action in a model category is equivalent to a W-action on the homotopy category, provided 2 is invertible. 5. The dihedral part of the model. We may now show that any (G; d)-spectrum splits as a product of Eilenberg-MacLane spectra. Indeed, we may use the same proof as given in Appendix A of Greenlees-May 1995] for nite groups.
In the usual way the nth H-equivariant stable homotopy group of a G-spectrum X is de ned by H n (X) = G=H +^S n ; X] G = S n ; X] H , and these are assembled into the homotopy Mackey functor G n (X) de ned by by H 7 ?! H n (X). The Eilenberg-MacLane spectrum HM represents ordinary cohomology with coe cients in the Mackey functor M: it is characterized by the dimension axiom, which states that G 0 (HM) = M and G n (HM) = 0 for n 6 = 0.
For the proof we de ne a related cohomology theory. Given any injective rational Mackey functor I we may de ne a cohomology theory hI G ( ) by hI n G (X) = Hom( G n (X); I); Evidently, if I is supported over D, the cohomology theory vanishes on (G; c)-spectra. Proof: Since G 0 (G=H + ) = ; G=H + ] G is the free functor, it is clear that hI has the correct homotopy groups in degree 0. We must calculate hI n G (G=H + ) for each subgroup H, and show that it is zero if n 6 = 0. We have already observed that hI G ( ) is zero on (G; c)-spectra, so this deals with the case in which H lies in C. This leaves us to deal with the cases H = G and H = D 2n for some n 1. For this we need to examine the functor G n (G=H + ), which is made up from the groups K n (G=H + ). Since I is a (G; d)-Mackey functor, the groups with K in C have no e ect, and we need only consider K = G and K = D 2m for some m 1.
The tom Dieck splitting theorem for the G-space X states
where Proof: By 5.2 we may lift the identity of G n (X) to give a map X ?! n H G n (X) inducing the identity of G n . Using these as components we obtain a map into the product. The resulting map is an isomorphism in homotopy groups H n for all n and H by construction, and thus a weak equivalence.
Note that since the product in the corollary is equivalent to a sum, this gives a short exact sequence for calculating X; Y ] G for any two (G; d)-spectra X and Y . to the derived category. The functoriality follows from the fact that the composite of two elements of Ext is zero. It is easy to see the map is an equivalence of categories.
6. Sheaf theoretic formulation. We may package 5.5 by saying that a rational (G; d)-spectrum is modelled by an equivariant sheaf of graded vector spaces on D, and morphisms are given by morphisms in the derived category of such sheaves. The functor is simply given by X 7 ?! G (X) on objects.
To give the best possible picture, we want to package 3.2 as showing (G; c)-spectra may be viewed as sheaves on the category C. Indeed, since C is discrete as a topological space, we simply need to specify the stalks over the nite cyclic subgroups C, the stalk over T, and the restriction maps relating them. For this we can adapt the torsion model of Greenlees 1996].
We begin by describing a target category Sh C of sheaves on C. First, we have a sheaf O of rings on C: its stalk over the nite cyclic subgroup C is O C := Q c C ], where c C is of degree ?2.
Thus its space of sections over the space F of nite subgroups of T is O F = Q C Q c C ], and we may consider the set E of elements x = (x C ) C 2 O F with the components x C homogeneous, and almost all 1; we refer to these as Euler classes. Alternatively, we may think of E as the space of sections which are 1 except on a compact set. Now we may de ne the stalk over T to be O T := E ?1 O F . The structure maps for this sheaf are covariant and consist of the obvious where the rst equivalence is immediate from the fact DEF + is F-equivalent to DS 0 , and the second equivalence is the splitting of Greenlees 1996] 2.2.3. To see the W-action is the obvious one, note that we may take EF + andẼF to be G-spaces. The other important point is that all the subgroups of T are normal in G, so that W preserves the splitting EF + ' W C EhCi. Extending the sheaf O to a sheaf on S f G using the constant sheaf Q on D, and combining the two parts of the model, we obtain a sheaf theoretic model for rational G-spectra.
Summary 6.1. The category of rational G-spectra is equivalent to the derived category of the category of equivariant sheaves of O-modules on the category S f G whose stalks at nite cyclic groups are torsion, whose stalk at T is free, and whose restriction map from C maps into sections with compact support.
The standard model for T-spectra (Greenlees 1996] , Chapter 5) consists of maps N ?! E ?1 O F V of O F -modules, which become an isomorphism when E is inverted, but I do not see at present how to express this in sheaf theoretic terms. It would be more satisfactory to describe a sheaf theoretic model corresponding to this standard model, both because of the fact it is of injective dimension 1, and because of the intuition coming from the localization theorem.
